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Abstract 

Using the lax pair, nonlocal symmetry of the coupled Hirota equation is obtained. By introducing an appropri¬ 
ate auxiliary dependent variable the nonlocal symmetry is successfully localized to a Lie point symmetry. For 
the closed prolongation, one-dimensional optimal systems and nonlocal conservation laws of the coupled Hirota 
equation are studied. 
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1. Introduction 

The Lie symmetries [1-6] and their various generalizations have become an important subject in mathematics 
and physics. One can reduce the dimensions of partial differential equations(PDEs) and proceed to construct 
analytical solutions by using classical or non-classical Lie symmetries. However, with all its importance and power, 
the traditional Lie approach does not provide all the answers to mounting challenges of the modern nonlinear 
physics. In the 80s of the last century, there exist so-called nonlocal symmetries which entered the literature 
largely through the work of 01ver[7]. Compared with the local symmetries, little importance is attached to the 
existence and applications of the nonlocal ones. The reason lies in that nonlocal symmetries are difficult to find 
and similarity reductions cannot be directly calculated. Many researchers[8-10] have done a lot of work in this 
area, references[l 1-13] give a direct way to solve this problem which so-called localization method of nonlocal 
symmetries. I.e. the original system is prolonged to a larger system such that the nonlocal symmetry of the original 
model becomes a local one of the prolonged system. When we get the Lie symmetries of prolonged system, there 
will correspond a family of group-invariant solutions. Since there are almost always an infinite number of such 
subgroups, it is not usually feasible to list all possible group-invariant solutions to the system. Hence, the optimal 
system[2, 14-17] of group-invariant solutions should be constructed. 

Conservation laws are used for the development of appropriate numerical methods and for mathematical anal¬ 
ysis, in particular, existence,uniqueness and stability analysis. It can lead to some new integrable systems via 
reciprocal transformation. The famous Noether’s theorem[18] provides a systematic way of determining conser¬ 
vation laws, for Euler-Lagrange differential equations, to each Noether symmetry associated with the Lagrangian 
there corresponds a conservation law which can be determined explicitly by a formula. But this theorem relies 
on the availability of classical Lagrangians. To find conservation laws of differential equations without classical 
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Lagrangians, researchers have made various generalizations of Noether’s theorem. Steudel[19] writes a conser¬ 
vation law in characteristic form, where the characteristics are the multipliers of the differential equations. In 
order to determine a conservation law one has to also find the related characteristics. Anco and Bluman[20] pro¬ 
vides formulae for finding conservation laws for known characteristics. Infinitely many nonlocal conservation 
laws for(lH-l)-dimensional evolution equations are revealed by Lou[21]. Symmetry considerations for PDEs were 
incorporated by Ibragimov[22] which can be computed by a formula. 

This paper is arranged as follows; In Sec. 2, the nonlocal symmetries of the coupled Hirota equation are obtained 
by using the Lax pair. In Sec. 3, we transform the nonlocal symmetries into Lie point symmetries. Then, the 
finite symmetry transformations are obtained by solving the initial value problem. In Sec.4, an optimal system 
is constructed to classify the group-invariant solutions of the coupled Hirota equation. In Sec. 5, based on the 
symmetries of prolonged system, nonlocal conservation laws of the coupled Hirota equation are given out. Linally, 
some conclusions and discussions are given in Sec. 6. 


2. Nonlocal symmetries of the coupled Hirota equation 

The well-known the Hirota equation[23, 24] reads 

hit + o:{Uxx + 2 \u\^ u) + ip{Uxxx + 6 \uf' Ux) = 0, (1) 


a,p are real constants. Lq.(l) is the third flow of the nonlinear Schrodinger (NLS)hierarchy which can be used 
to describe many kinds of nonlinear phenomenas or mechanisms in the fields of physics,optical fibers,electric 
communication and other engineering sciences. Lq.(l)reduces to NLS equation when a - \,p -0. 

In this section, we shall consider the coupled Hirota equations 


iui + a{uxx — 2iP'v) + ipiuxxx — 6uvux) = 0, 
iv, - a(Vxx - 2v^u) + ipivxxx - 6uvvx) = 0, 


Lqs.(2)are reduced to the Lq.(l)when u - -v*, and * denotes the complex conjugate. 
The Lax pair of Lq.(2) has been obtained in[25] 


^x = t/O, U = 


—iA II 
V' iA 


and 


with 


cp, = yep, V - 


a 

c 


b 

—a 




a — —ApiA^ — 2aiA^ — 2piuvA — aiuv + P(vux — uvx), 
b — ApuA^ + {2piux + 2au)A + aiux — Piuxx - 2iPv), 
c - Apv^ - (2pivx - 2av)A - aivx - P{vxx - 2v^u). 


( 2 ) 


(3) 


(4) 


(5) 
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where u and v are two potentials, the spectral parameter A is an arbitrary complex constant and its eigenfunction is 
<t) = 

To seek for the nonlocal symmetries, we adopt a direct method[26]. First of all, the symmetries (Ti,(T 2 of the 
coupled Hirota equations are defined as solutions of their linearized equations 


CTit - acTx^J + AiacTiuv + 2iau^cr2 + (io-ixxx — ^PcrivUx - 6/3u(r2Ux - 6j3uva-\x - 0 , 

<J 2 t + ao- 2 xxi - Aiauvcr 2 - 2 iav^cr\ + /3cr2xxx - 6/3cr2UVx - 6 puvcr 2 x - bfivcrxVx - 0, 

which means equation ( 2 ) is form invariant under the infinitesimal transformations 


(6) 


II ^ II + ecTx , 
V' —» V' + 60-2, 


(7) 


with the infinitesimal parameter e. 
The symmetry can be written as 


cTx — X(x, t, u, V, il/)iix -I- T{x, t, u, V, 0, t//)ut — U (x, t, u, V, 0, i/r), 
0-2 = X{x,t,u, V', (p, 4f)vx + T(x,t,u, V', il/)vt — V(x, t, ii, v, (p, ip). 


(8) 


Here, X, T, U, V dependent on the auxiliary variables <p and ip, so one may obtain some different results from 
Lie symmetries. Substituting Eq.( 8 ) into Eq.( 6 ) and eliminating m,, v,, cpx, tpt, tpx, pJt in terms of the closed system, 
it yields a system of determining equations for the functions X, T, U, V, which can be solved by virtue of Maple to 
give 




2a-C\t , 

-^+C3, 


T{x, t, II, V', (p,ip) — Cxt + C 2 , 

U (X, t,U,V, (p, ip) - + C 5 M + C4(p^, 

V(X, t, U, V, (P, IP) = 


where c,(/ = 1,..., 5) are five arbitrary constants and f = -1. It can be seen from the results(9), the results contain 
a nonlocal symmetry when C 4 0 . 


3. Localization of the nonlocal symmetry 

As we all know, the nonlocal symmetries cannot be used to construct explicit solutions directly. Hence, one 
need to transform the nonlocal symmetries into local ones[ 11-13]. In this section, a related system which possesses 
a Lie point symmetry that is equivalent to the nonlocal symmetry will be found. 

Eor simplicity, we let cx = C 2 = C 3 = cj = 0, C 4 = -1 in formula (9), i.e.. 


(Tl = (p^, 

0-2 = lA^. 


( 10 ) 
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To localize the nonlocal symmetry (10), we have to solve the following linearized equations 


crjx + idcr 3 - cr\(p - ucru - 0 , 

0‘4x - o-2if - vcr3 - iAa-/[ - 0, 

which means that Eqs.(3) invariant under the infinitesimal transformations 


(11) 


(f> ^ cf> + ecr-}, 
i/f —> ^ + ecr4, 


( 12 ) 


with (Ti, 0-2 given by (10). It is not difficult to verify that the solutions of (11) have the following forms 


0-3 = 0 /, 0-4 = i//f. 


(13) 


where / is given by 


fx = (pip, 

ft — + l2fAA^(pip + AAacpip — fiip^Ux + 2l3^ipuv + A-iAptp^u — 4iAP(p~v + iaip^u — iacp^v. 


(14) 


It is easy to obtain the following result 

0-3 ^o-f^ f. 


(15) 


The results (13) and (15) show that the nonlocal symmetry (10) in the original space {x, t, u, v} has been suc¬ 
cessfully localized to a Lie point symmetry in the enlarged space {x, t, u, v, (p, tp, /) with the vector form 


2 d 2 d .5 .5 .2 5 


(16) 


After succeeding in making the nonlocal symmetry(lO) equivalent to Lie point symmetry (16) of the related 
prolonged system, we can construct the explicit solutions naturally by Lie group theory. With the Lie point sym- 
metry(16), by solving the following initial value problem 


ifu 

de 

-(p\ 

II 

0 

II 

s 

cfv 

de 


rh 

11 

0 

II 

d(p 

II 

0|£=O = (P, 

dijj 

de 

II 

P\e=0 = P, 

dj 

de 

-f. 

l\e=0 = /, 


(17) 


the finite symmetry transformation can be calculated as 


_ efu - E(p^ - u _ efv - epr — v — 
u — -—:-, V' ^ 


-,ip ■ 


Ip 

rJ- 


f 


(18) 


ef-1 ’■ e/-l £/-r" e/-!’-' ef - V 

Lor a given solution u,v,(p,p,f of Lqs.(18), above finite symmetry transformation will arrive at another so 
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lution u, V. To search for more similarity reductions of Eqs.(2), one should consider Lie point symmetries of the 
whole prolonged system and assume the vector of the symmetries has the form 


d d d d d d d 

y = + T— + U— + y— + P— + Q— + F—, 

dx dt du dv dp dq df 


(19) 


which means that the closed system is invariant under the infinitesimal transformations 

{x, t, u, p, q, /) —> (x + eX, t + eT, u + eU, (p + eP, \]/ + eQ, f + eF), 

with 

O"! = X{x, t, U, V', (p, ll/,f)Ux + T{x, t, U, V', (p, ll/,f)Ur — U(x, t, U, V, cp, 

0-2 - X(x, t, u, V, (p, i//,f)vx + T(x, t, u, V, p, ip,f)vt - V(x, t, u, v, p, 

0-3 = X{x, t, u, V, p, ij/, f)px + T(x, t, II, V, p, ij/, f)pt - P(x, t, u, V, p, p, /), (20) 

cr4 = X(x, t, u, V', p, p, f)px + T{x,t,u, V, p, p, f)pt — Q{x, t,u,v, p, p, /), 

0-5 = X{x, t, u, V, p, p, f)fx + T(x, t, u, V, p, p, f)ft - Fix, t, u, V, p, p, /). 

with cTi , a-2, cTj, 0 - 4 , 0-5 satisfy the linearized equations of Eqs. (2,3,4,14). Omitted here because of the formulas are 
long-winded. 

Substituting Eq.(20) into linearized equations and eliminating u,,v,,px,pt,px,pt, fx, ft in terms of the closed 
system, one arrive at a system of determining equations for the functions X, T, U, V, P, Q, and F, which can be 
solved by using Maple to give 

^(x, t, U, V, p, p, f) - C4, 

Fix, t,u,v,p,p,f) - C3, 

U (x, t, U, V, p, p, f) = C 2 p^ + Cl u, 

Vix,t,u,v,p,p, f) - C2p^ - civ, (21) 

Pix,t,u,v,p,p,f) - 

Q(X, t,U,V,P,p,f)^ (-2c2/+ci-C5)iA ^ 

F(x, t, u, V, p, p, f) = C2f^ + C5/ -I- C6, 
where c,, i = 1 , 2 ,..., 6 are arbitrary constants. 


4. Optimal system of the prolonged system 

In general, to each s-parameter subgroup of the full symmetry group, there will correspond a family of group- 
invariant solutions. Because there are always an infinite number of subgroups, there is no need to list possible 
group-invariant solutions to the system. In this section, an optimal system of one-dimensional subalgebras of 
Eq.(2) by using the method presented in Refs. [2, 7] will be constructed. 

As it is said in Ref. [2], the problem of finding an optimal system of subgroups is equivalent to finding an 
optimal system of subalgebras. Erom Eqs. (21), the associated vector fields for the one-parameter Lie group of 
infinitesimal transformations are six generators given by 


,, — I d.fd ,, _ ..2 d , ,/,2 d , d i fl d 

2^30 7 a/’ '2 ^ at, + a,, + W 7 a/’ 

V 3 - a/’'^4 - Ma« ^dv if dtp ~ ~ dx’ 
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( 22 ) 




One can know that V 4 , V 5 , vg are the centers of the group through calculating, so we don’t have to consider them. 
Following Ref. [2], two subalgebras V 2 and vi of a given Lie algebra are equivalent if one can find an element g in 
the Lie group so that Adg(vi) - V 2 where Adg is the adjoint representation of g on v. Given a nonzero vector, for 
example, 

V — flivi + a 2 t '2 + ' 23 V 3 , 

where aj, j - 1,2,3 are arbitrary constants. The key task is to simplify as many of the coefficients a, as possible 
though judicious applications of adjoint maps to v'. In this way, one can get the following results in Table 1 where 
a is an arbitrary constant. 


Table 1: Optimal Systems 


Cases 


Optimal systems 

(al) 

fli 0 , 

V'l 

(a 2 ) 

+ 0 , 

V3 

(a3) 

(32 4 0 , (33 3^ 0 ,, 

V 2 + £*'^3 


5. Nonlocal conservation law of C-H equations 

In this section, we briefly present the notations and theorems used in this paper firstly. Consider a system 
F{x', u] of N partial differential equations of order s with n independent variables x - (x\ ..., x") and m dependent 
variables u(x) - (u^{x ),..., u'”{x)), given by 


Fa[u] — Fa(x, U, M( 1 ), ..., M(j)) - 0,a - 1, ...,N 


(23) 


where M(i),...M(s) denote the collection of all first, . . ., ith-order partial derivatives, u, - Di{u),D(ij) - DjDi(u ),.... 
Here A = ^ i = 1,2, 

Definition 1: A conservation law of PDF system (23) is a divergence expression 


A<[)'[m] = Di<[)^[m] + ... + A<E>"[m] = 0 


(24) 


holding for all solutions of PDE system (23). 

It is easy to see that Eqs.(14) determine a nonlocal conservation law, i.e. 


+ DA-f,) = 0 . 


(25) 


Definition 2:[22]. The adjoint equations of Eq. (1) is defined by 


Fl(x,u,v,U(i),m(i),...,U(^s),m^s)) - Eu-^in^F/s) -0, a - 1,2, 


(26) 
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where Ei,« = ^ + 2 — denotes the Euler-Lagrange operator, m = m(x) is a new dependent 

/j=i '1.'f' 

variable m - (m', m^). 

Theorem 1 :[22]. The system consisting of Eqs.(23) and their adjoint Eqs.(26) 


j Ea(x, M, M(i), = 0, 

[ E*(x, u, m, M( 1 ), m(i), u^s), nr(s)) = 0, 


(27) 


has a formal Lagrangian 

L - rrYp^ix, u, U(\),u^s))- 

Theorem 2: [22] Any Lie point, Lie-Backlund and non-local symmetry 


dx‘ 


(28) 


(29) 


of Eqs.(23)provides a conservation law Di{T') = 0 for the system comprising Eqs.(23) and its adjoint Eqs.(26). 
The conserved vector is given by 


r = YL + W'^EAL) + Dj{W‘^)EAL) + DjDdW°^)E,AL) + ..., (30) 

t J 1} J ijk 

where W" is the Lie characteristic function 

and L is determined by Eqs.(28). 

Next, we construct the conservation laws Eqs(3). Let us consider the prolonged system, one can obtain the 
following results from the above, 

= C3,^^ = C4,77' = +CiU,rf - C2(p^ -CiV, 

and 

L — m^{iut + a(uxx — 2iP'v) + ipiu^xx — 6uvux)) + m^{ivt — a{vxx — 2v^u) + ipiv^xx - 6uvvx)) + m^(—iA(p -t ui//) 
+}rY(v^ + iAA + m^(a(p + bif/) + nfi{c(f> — aifr) + lAiipcf)) + m^{—Pip^Vx + l2/3A^ip(p + 4Aa<p<p — /3<p^Ux + 2l5ip(puv 
+4iAj3(fP'u — 4iAI3ip^v + iacfP'u — iaip^v) 
and a, b, c are determined by Eqs.(5). 
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Using the theorem 2, one can get the following results by calculation, 


r* = m\cil3uxxx + 2 iacj,u^v + C 2 (p^ - C4Ux + 2ciu — c^iauxx — 6cj,l3uvux) + m^{—(>c-iPuvVx + - C/iVx 

—2c\v + c^jSvxxx — 2 ic 2 ,auv^ + c^aivxx) + m‘^{c 2 ia(puv + C2,l3u<pVx — 2c3/3u^vil/ — Ac^pA^ipu — cnij/u — 2ciaAuif/ 
+c-il3^Uxx + c^iAcp — Ciiat//Ux - C3/3(pvUx + 2ic2,/3Aiivtf) + 2icia(pA^C2f<p + Aic^PcpA^ — 2ic2l3AifiUx + C 5 (p + ci(f>) 
+m^(-C 4 iAif/ - 2ic2/3Ailiuv + c^/Avij/Ux - Ac^jAipvA^ + csij/ + C 2 f^ + 2 ic2l3A(f>Vx - c^iauvij/ - C4V(p + c^ficjjVxx 
— 2 c 2 aA(f)v — 2c3l3(puv^ — Aic^jAA^i}/ + c^iacfiVx — c^/AutfrVx - 2 c 3 iaA^if/ — ciij/) + ot^(— 2c3;80Mvi/f — Aic^jAAu^^ 
-C40i/^ - 12c3/3A^(pt// - Ac 3 aA(l>il/ - C 3 iaui^^ + C 2 f^ + 2 c 3 f + C(, + C3y60“Vx + C3 jSi/'^Mx + Aic3l3Av(p^ + C3/av(^^) 

(31) 

and 

- rn’(c 2 f^ + 2 c 5 / + cg - C 3 ft - C 4 i/f 0 ) + m^{-C 3 if/t + cs^ - ciiff — C4V(p - C 4 iAif/ + C 2 / 1 /') + m^{2c2/3il/^(p^ 
C3l3(p'^Vt + 2ci/3uil/^ - 2c\l3v(p^ + C 4 /, - 2c4f3ilf(puv - 4ic4/3AuilP' + Aic4l3Av(p^ + C 4 iav^^ - 12c4/3A^il/(f) 

-4c4Aatl/(p - C 4 iau^^ - C3l3if/^Ut) + m^{c4^t - Aic\j3Av<p - C 4 iauv^ - 2 ic 3 PAcf)Vt + 2ic2PA^^<p + C2/3vt/'<^^ 
+4c[f5uvil/ + C 2 iaijP‘(l) - C3l3v4iUt + C3/3uif/Vt + 2 c 2 liilJip^x - 2c4/3uv^(p - 4c4/3A^v(p - 2 c 4 aAv<p - 2ic\av(p 
-iac 3 (pVt - 4ic4l3A^ijj - 2 ic 4 A^atlr - 2 ic 4 AfAuvijj - C2/3iA^<^j + C3ySv,0x + C4fAvx<f>x - 2 cifAvx<f> - C 2 fimlJ^ 

-C3P(pVxt) + m‘^{c4<pt - 4cifAuv(p + C2l3uil/^4’ ~ C3l3u(pVt + 2c2P((>il/4’x - 2c4/3u^vi^ - 4c4fAA^mjj - 2c4Aauif/ 
+C3/3v<pUt + C3iatfrut - C2ia^4>^ — 2ciiautfr + 4ic4liA^(p + 2ic4a/^(p + ic4auv(f> + 2ic3/3Ail/Ut — 2 ic 2 fiAil/(p^ 
-AicxPAxjju + 2ic4l3Auv(f> - C3fAtf/Uxt - C2yS0^iAx - 2c\fAuil/x + C3l3il/xUt + C4/3il/xUx + 2c\l3ijjUx - C2y60^v) 

+m^{2c2lAip4'xx - 6 c 2 /AuvifP' - 2ci/3vxx + 12ci/3uv^ - ic3avxt + 2ic2ailJ^x - 2 ic 4 auv^ + C 4 V, + 6 c 3 Puvv, 

-2ic\aVx + 2c2fi^\ - C3lAvxxt) + {-2ic\aUx + C4U, + ic3auxt + 2c\IAuxx + 2c2l3ip(l>xx + 6c3/Auvu, - \2c\f}viP' 
-2ic2a4>4>x + 2c2fA4>\ ~ C3Puxxt - (iC2Puv(l)^ + 2ic4au^v) + nr’{-C4Uijj + c^ip + ic4A(f> + c\(p + C2ipf - C3(pt)- 
2c\Puxm\ + 2c\Pvxm^x + ic2a(f>^m]c — C2Pipip^m\ — 2c\Puil/m\ — ic4aUxm\ ~ ic20:ifPni^ + 2iac\vm\+ 

2 iac\um\ + C 4 PipUxm‘l + ic 4 aVxm\ + ic 3 av,m\ — C 2 Pip^<f>Vxm^ + C 4 y 60 v,.m® + C 3 yS 0 v,m® + 2 ciP<pvm^ 

-2c2j3(p4>xfn], - 2c2j3ipif/xfn^ - + C3Pvxim^ - C3Putm\^ + C3Puxtm\. + C 2 P<p^m\x + 2 c\Piim],^ 

-C4Puxm\^ + C 2 Pip^mxx - C4Pvxmlx ~ 2 cij 0 vot ^^ + C4Pm].Uxx + C4Pm\vxx - ic3am],Ut + C3Pil/ni\.Ut 

(32) 

where m]., m^, can be obtained by using (26) and (28). Because the formulas are complicated, so here 

we omit. 

Through the verification, ,T^ satisfy the equation(24),i.e. 

A(r') + D,(7’2) = 0, (33) 

thus, Eqs.(31),(32) define the corresponding components of a non-local conservation law for the system of Eqs. 
( 2 ). 

Remarkl: Eor the coupled Hirota equations (2), we get its conservation laws by making use of the explicit 
solution of the adjoint equations of Eqs. (2). But the number of the adjoint equations is less than the number of 
variables, so T', have arbitrary functions, we can conclude that Eqs. (2) have infinitely many conservation laws. 


6. Summary and Discussion 


In this paper, the nonlocal symmetry of coupled Hirota equations is obtained by using the lax pair and localized 
by introducing an auxiliary dependent variable. Then, the primary nonlocal symmetry is equivalent to a Lie point 
symmetry of a prolonged system. On the basis of this system, the one-dimensional subalgebras of a Lie algebra 
have been classified and the reductions of coupled Hirota equations are given out by using the associated vector 
fields. On the one hand, non-trivial nonlocal conservation laws of the coupled Hirota equation are obtained by 
means of these formulas. For general evolution equation, the nonlocal conservation laws may be not enough to 
guarantee the integrability. However, it must be useful to help to understand the special solutions of the nonlinear 
systems. 

This method would be possible to extend to many other interesting integrable models. However, there is not a 
universal way to estimate what kind of nonlocal symmetries can be localized to some related prolonged system, so 
there are still many questions worth to study. Moreover, one can construct infinitely many nonlocal symmetries by 
introducing some internal parameters from the seed symmetry and infinitely many nonlocal conservation laws of 
the completely integrable finite-dimensional systems. Above topics will be discussed in the future series research 
works. 
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